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This research focuses on multiobjective system design and optimization. The goal is to extend the physical
programming (Messac, A., “Physical Programming: Effective Optimization for Design,” AIAA Journal, Vol. 34,
No. 1, 1996, pp. 149–158). Framework to develop an interactive physical programming (IPP) framework that
takes into account the designer’s or the decision maker’s (DM’s) preferences during the optimization process, and
allows for design exploration at a given Pareto design. The IPP framework provides the DM with Pareto-sensitivity
information, a Pareto surface approximation, a formal decision-making strategy, and a Pareto visualization tool
for ef� cient design (or Pareto surface) exploration at a given Pareto design. The IPP has been successfully applied
to two test problems. The � rst problem consists of a set of simple analytical expressions for its objective and
constraints. The second problem is the design and sizing of a high-performance and low-cost 10-bar structure that
has multiple objectives. Results indicate that the IPP framework is effective in capturing the local preferences of
the DM. The Pareto designs that re� ect the DM’s preferences can be ef� ciently generated using the IPP framework.
More importantly, the IPP provides the DM with a Pareto visualization tool that facilitates the study of existing
tradeoffs between objectives in a physically meaningful way.

Introduction

M ANY engineering design problems are multiobjective in na-
ture as they often involve more than one design goal. These

design goals impose potentially con� icting requirements on the
technical and economical performances of a given system design.
To study the tradeoffs between these con� icting design goals (or
objectives) and to explore available design options, one needs to
formulate the optimization problem with multiple objectives (vec-
tor optimization). Vector optimization algorithms seek an optimum
design that attains the multiple objectives as closely as possible
whereas satisfying constraints strictly. Note that an in� nite num-
ber of problem formulations are introduced to the decision maker
(DM) when using vector optimization.This calls for the incorpora-
tion of Pareto optimality concepts into optimizationalgorithms and
procedures that require the designer’s involvement as a DM.1 – 4

A variety of techniques and applications of multiobjective opti-
mization have been developedover the past few years.The progress
in the � eld of multicriteriaoptimizationwas summarizedby Hwang
and Masud5 and, later, by Stadler et al.3 A comprehensive survey
of the multiobjective optimization methods (traditional, evolution-
ary, and interactive) is also given in Ref. 6. Most of the traditional
methods involve convertinga multiobjectiveproblem into a single-
objective problem and then solving this single objective problem
for a compromise solution. This scalarization is usually achieved
by using either weights or targets that the designer’s have to specify
for each objective a priori. These weights or targets are inadequate
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in capturing the designer’s preferences.The disadvantagesof using
traditional methods for multiobjective system optimization are as
follows: they 1) require a priori selection of weights or targets for
each of the objective functions,2) provide information for only one
design scenario (i.e., a single Pareto solution), 3) are unable to gen-
erate properPareto points for nonconvexproblems(e.g., the weights
method), 4) are incapable of generating sensitivity information for
tradeoff and decision making, and 5) have no inherent capabilities
for design exploration.

Problem Formulation
A general multiobjective optimization problem is to � nd the de-

sign variables that optimize a vector objective function ( f (x) =
{ f1 , . . . , fm }) over the feasible design space. The objective func-
tions are the quantities that the designer wishes to minimize, maxi-
mize, or attain a certain value. The problem formulation in standard
form for a minimization is given here, and is similar for the other
cases.

Minimize: f (x) = { f1(x), f2(x), . . . , fm (x)}

Subject to: gk (x) ¸ 0, k = 1, . . . , p

h j (x) = 0, j = 1, . . . , q

xu
l ¸ xl ¸ x l

l , l = 1, . . . , n (1)

Pareto Optimal Concept
Following some earlier statementsand discourses,Pareto in 1906

provided a � nal statement on the optimality concept of multiobjec-
tive problems in the contextof welfare economics.Pareto optimality
serves as the basic multicriteriaoptimizationconcept in virtuallyall
of the research literature. The Pareto optimality concept for multi-
objective optimization is similar to what the Karush Kuhn-Tucker
(KKT) conditions are for a single objective optimization problem.
The Pareto optimality concept is stated as follows: A vector of x¤ is
Pareto optimal if thereexistsno feasiblevectorx thatwould decrease
some objective function without causinga simultaneous increase in
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at least one objective function. Mathematically, the Pareto optimal-
ity is de� ned as follows: A vector of x ¤ is a Pareto optimum iff, for
any x and i ,

f j (x) · f j (x¤ ), j = 1, . . . , m, j 6= i = ) fi (x) ¸ fi (x¤ )

(2)

Physical Programming
This section brie� y describes a method called physical program-

ming (PP) that is suitable for generating a preferred Pareto (or
compromise) design during multiobjectivesystem design and opti-
mization. PP captures the designer’s preferences a priori in a math-
ematically consistent manner using preference functions. The ap-
plication of PP does not require the designer to specify weights for
each objective function.Rather, the designer speci� es ranges of dif-
fering degreesof desirabilityfor each objective function.The initial
development of the PP methodology is presented in Ref. 7, with
a structural application example. Other applications of PP include
high-speed-civil-transport planedesign8 and robust controldesign.9

In PP, the designer classi� es objective functions into the following
four different categories:

Class 1-S—Smaller-Is-Better (i.e., Minimization)
Class 2-S—Larger-Is-Better (i.e., Maximization)
Class 3-S—Value-Is-Better (i.e., Seek Value)
Class 4-S—Range-Is-Better (i.e., Seek Range)
The qualitative meaning of preference function is depicted in

Fig. 1. The value of the objective function, fi , is on the horizontal

Fig. 1 Objective function space.

axis, and the function that is minimized for that objective, pi , called
the preference function, is on the vertical axis. The system aggre-
gate objective function is formed based on the preference functions
and not on the objective functions.These preference functions pro-
vide the means for the DM to express ranges of differing levels of
preferences, within each given objective function.

The DM speci� es his/her preference for each given objective
function. The PP lexicon comprises terms that characterize the de-
gree of preference associated with six ranges for each generic ob-
jective function. For classes 1-S and 2-S, there are six ranges, ten
ranges for class 3-S, and 11 for class 4-S. For illustration, consider
the case of class 1-S, shown in Fig. 1. The ranges are de� ned as
follows, in order of decreasing preference.

Highly desirable (h) range ( fi · fi1): An acceptable range over
which the improvement that results from further reduction of the
preference metric is desired, but is of minimal additional value.

Desirable (D) range ( fi1 · fi · fi2): An acceptable range that is
desirable.

Tolerable (T) range ( fi2 · fi · fi3 ): An acceptable, tolerable
range.

Undesirable (U) range ( fi3 · fi · fi4): A range that, although
acceptable, is undesirable.

Highly undesirable (H) range ( fi4 · fi · fi5 ): A range that, al-
though still acceptable, is highly undesirable.

Unacceptable (UA) range ( fi5 · fi ): The range of values that the
objective function may not take.

The parameters fi1 through fi5 are physicallymeaningful values
that are speci� ed by the DM to quantify the preference functions
associated with the i th objective. These parameters delineate the
different preference ranges for each objective function. The quanti-
tativemathematicalimplicationsof the abovede� nitionsand mathe-
maticalmeans for the developmentof the class functionfor each ob-
jective are given in Messac.7 Once the range parameters are de� ned
for each objective function,preferencefunctionsare constructed.In
this research, the initial Pareto design that best satis� es the DM’s
preferences is generated by solving the following compromise pro-
gramming (CP) problem.10

Minimize: P( f (X)) = z + a
mX

i = 1

pi ( fi )

Subject to: z ¸
pi ( fi ) ¡ pi

¡
f u
i

¢

pi ( f̄i ) ¡ pi

¡
f u
i

¢ , i = 1, . . . , m

g j (x) ¸ 0, j = 1, . . . , p

hk(x) = 0, k = 1, . . . , q

fi5 ¸ fi (x) (class 1-S)

fi (x) ¸ fi5 (class 2-S)

fi5R ¸ fi (x) ¸ fi5L (class 3-S)

fi5R ¸ fi (x) ¸ fi5L (class 4-S)

xu
l ¸ xl ¸ x l

l , l = 1, . . . , n (3)

where a is set as a suf� ciently small positive number, e.g., 10 ¡ 6.
The vector f u is called the ideal point (or utopia point). The com-
ponents of f̄ are called the aspiration levels. The following settings
are used to generate that Pareto design that satis� es the DM’s initial
preferences: pi ( f u

i ) =0 and pi ( f̄i ) =1.
The PP method involvesconvertinga multiobjectiveprobleminto

a single-objectiveproblem by using preference functions that cap-
ture the designer’s preferences and then solving this single objec-
tive optimization for a compromise solution. The PP formulation
considers the tradeoffs that exist between objectives implicitly, and
generatesa Pareto design that is in the preferred region of the Pareto
surface. However, the PP in its current form requires that the pref-
erences as well as the range parameters be speci� ed a priori. Some
of the limitations of using PP for multiobjective system design op-
timization are as follows: it 1) requires a priori selection of range
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parameters for each of the objective functions, 2) provides infor-
mation for only one design scenario (i.e., a single Pareto solution),
and 3) provides no information about the available Pareto designs
in the neighborhoodof the current design for tradeoff analysis and
decision making.

Keeping these limitations in mind, the goal of this research is
to develop an interactive physical programming (IPP) method that
provides the designer with the following information at a given
Pareto designfor decisionmaking:1) Pareto sensitivityinformation,
2) Pareto surface representationusing responsesurfaces,3) tradeoff
analysisand decision-makingcapability,and 4) Pareto visualization
tool for tradeoff studies.

The Pareto sensitivity analysis and Pareto surface representation
have been developed in Ref. 6 in the context of an interactive mul-
tiobjective optimization procedure (IMOOP). In this research, the
concepts mentioned earlier are being implemented within graph-
ical user interface (GUI) of the PP. The IPP is characterized by
phases of decision making alternating with phases of optimization.
This method empowers the designer to act as a DM at the end of
each optimization. The capabilities mentioned earlier provide the
designer with a formal means for design explorationaround a given
Pareto point. The original contributionsof this research to the mul-
tiobjective optimization community are: the implementation of the
Pareto sensitivity analysis, the utilizationof response surface-based
techniquesfor Pareto surface representation,the developmentof an
iterative decision-making strategy for Pareto surface exploration,
and the developmentof Pareto visualizationtool for tradeoff studies
within PP.

Pareto Sensitivity Analysis
The sensitivity analysis at a given Pareto point provides the vari-

ation in one objective given the variation in another objective (i.e.,
d fi / d f j ) on the Pareto surface in a given direction. These sensitiv-
ities, which are tangent lines to the Pareto surface, are directional
derivatives.Note that the Pareto surface, at a given Pareto point, has
in� nite tangent directions. The sensitivity analysis presented here
seeks to � nd the sensitivity information along the principal direc-
tions (i.e., feasibledescent direction of each of the objectives) in the
objective function space.

At a given constrained Pareto optimal point x ¤ , let ga (x¤ ) repre-
sent the set of active constraints (including the active bounds and
excluding the active side constraints on objective functions). Let J
represent the Jacobian of the active constraint set at x ¤ . The terms
of the Jacobian and the projection matrix P of the active constraint
set are given by

J = r x ga (4)

P = I ¡ JT (JJT ) ¡ 1J (5)

where P represents the projectedfeasibledirectionsalong which the
constraint set status is unchanged. Note that this projection matrix
is the tangent hyperplane to the active set at x¤ . A feasible direc-
tion with the greatest improvement of objective fi is obtained by
projecting r x fi onto the matrix P:

d fi (nx1) = P( ¡ r x fi ), i = 1, . . . , m (6)

To determine the Pareto sensitivity d fi / d f j along the feasible de-
scent direction of objective f j , differentiate fi and f j with respect
to x:

d f j = dT
f j

dx (7)

d fi = dT
fi
dx, i = 1, . . . , m, i 6= j (8)

solving Eq. (7) for dx by projection:

dx =
£
dT

f j
d f j

¤ ¡ 1
dT

f j
d f j (9)

Equation (9) representsthe change in design variablesalong the fea-
sible descentdirectionof objective f j for a decreasein that objective
(i.e., d f j ). Substituting this result in Eq. (8) for dx and by rearrang-
ing the terms the following expression for the tradeoff information

of objective fi along the feasible descent direction of objective f j

(d fi /d f j ) is obtained as

d fi

d f j
= dT

fi

£
dT

f j
d f j

¤ ¡ 1
d f j , i = 1, . . . , m (10)

Similarly, one can conduct Pareto sensitivity analysis along the
feasible descent direction of each of the other objective functions.
This sensitivity information can be represented in a matrix form,
called the tradeoff matrix, whose i th row represents the tradeoffs
required for an improvement in the i th objective ( fi ):

T =

2

6666666664

1
d f2

d f1
. . .

d fm

d f1

d f1

d f2
1 . . .

d fm

d f2
. . . . . . . . . . . .
d f1

d fm

d f2

d fm
. . . 1

3

7777777775

(11)

This Pareto sensitivity informationcan be used to � nd the normal
to the Pareto surface at the current Pareto design. The tradeoff be-
tween any two objective functions exists only if the corresponding
off-diagonal element in the tradeoff matrix is negative. The mag-
nitude of the tradeoff, if it exists, is given by the absolute value of
the corresponding off-diagonal element. On the other hand, a pos-
itive element in any given row indicates that there is no tradeoff
between these two objectives (i.e., both of them can be improved
simultaneously). Note that at least one element in any given row
has to be negative for a given design to be a local Pareto optimum.
This condition is necessary and not suf� cient for a local Pareto
optimum.

Pareto Surface Representation
The sensitivityanalysis presented earlier provides information in

a few speci� ed directions. The goal of this section is to represent
the Pareto surface in the neighborhoodof the current Pareto design
by using � rst-order and second-order response surface approxima-
tions. This representationis useful in decisionmaking as it provides
comprehensive information about the Pareto surface and facilitates
the DM’s exploration of the Pareto designs. The � rst-order terms
of the Pareto surface approximation are determined based on the
tradeoff matrix (T ) given in Eq. (11) and the second-order(i.e., the
Hessian) terms are determined based on the Pareto data generated
around the current design.

Before describing these approximations, it is necessary to men-
tion the limitations and conditions under which they are valid. As
mentionedearlier, theParetosurfaceis highlynonlinear,nonsmooth,
and has discontinuities.For smooth approximationsto work, the ac-
tive set changesshould be mild (C0 discontinuities), and for them to
be valid in the entire neighborhoodof the currentpoint, there should
be no nearby jumps or kinks (C1 discontinuities) in the Pareto sur-
face.The mathematicaldescriptionof the Pareto surface in objective
function space is given by

S( f1 , f2 , . . . , fm) = 0 (12)

The � rst-order approximation to the Pareto surface at the current
Pareto design (x¤ ) is given by

S̃ =
mX

i = 1

dS

d fi

¡
fi ¡ f ¤

i

¢
= 0 (13)

f̃ 1
m = f ¤

m +
m ¡ 1X

i =1

d fm

d fi

¡
fi ¡ f ¤

i

¢
(14)

The gradients in Eq. (14) are the normals to the Pareto surface at
the currentPareto point.The term d fm /d fi is the change in objective
fm for a given change in fi although keeping the other objectives
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constant.These terms aredeterminedbasedon Eq. (11). The second-
order Pareto surface approximationat the currentPareto design (x ¤ )
is given by

f̃ 2
m = f ¤

m +
m ¡ 1X

i =1

d fm

d fi
D fi +

1

2

m ¡ 1X

i, j = 1

D fi Hi j D f j (15)

where Hi j is given by

Hi j =
d2 fm

d fi d f j
, i, j 6= m (16)

Note that there are m objective functions and the second order
approximation [Eq. (15)] represents one of the objectives (mth ob-
jective) in terms of the other m ¡ 1 objectives. If one were to ne-
glect off-diagonalterms and estimate only the diagonal terms of the
Hessian matrix, the number of terms to be determined would be
m ¡ 1. On the other hand, if one were to estimate the entire sym-
metric Hessian matrix, the number of terms to be determined would
be m(m ¡ 1) / 2. Note that the Pareto data to be generated (or re-
quired) are proportional to the number of terms to be determined.
The second-orderterms are determinedbased on Pareto data gener-
ated around the current design using a least-squares minimization.
The Pareto data-generation method that is developed as a part of
this research is explained in the next section.

Pareto Data Generation
One obvious way of generating the required Pareto data is to

solve a number of CP problems (Eq. 3) with different aspiration
points ( f̄ i ) around the current Pareto design. Solving a number of
CP problems involves the solving of a full optimization problem
a number of times. This is prohibitively expensive as it requires a
large number of analysis calls for functionand gradient evaluations.
In order to avoid solving a large number of expensiveCP problems,
in this research, the approximate Pareto data are generated using
a projection method that uses the gradient information available at
the current Pareto design. A discussionof the details of this method
follows.

The projection method essentially involves the � nding of pre-
ferred Pareto points ( f ¤

i ) by projecting the aspiration points ( f̄ i )
onto the Pareto surface as shown in Fig. 2. For each aspiration
point, the projection is done in two steps, the predictor step and the
corrector step.

Predictor Step
This step, as the name suggests, predicts an approximate Pareto

point corresponding to a given aspiration point (e.g., f̄ 1). This step
uses the � rst-order approximations of fi (x), g j (x), hk (x) with re-
spect to design variables at the current Pareto design (x ¤ ). In this
step, the following linear CP problem is solved to predict the de-
sign vector x ¤

1p (shown in Fig. 2) corresponding to the aspiration
point f̄ 1 .

Fig. 2 Projecting the aspiration point Åf1 onto the Pareto curve.

Minimize: z + a
mX

i =1

pi [ f̃i (x)]

s.t.: z ¸
pi [ f̃i (x)] ¡ pi

¡
f u
i

¢

pi [( f̄1)i ] ¡ pi

¡
f u
i

¢ , i = 1, . . . , m

g̃ j (x) ¸ 0, j = 1, . . . , p

h̃k(x) = 0, k = 1, . . . , q

xu
l ¸ xl ¸ x l

l , l = 1, . . . , n (17)

where f̃i (x), g̃ j (x), h̃k (x) are the linear approximations given by
Eq. (18). Since approximationsare being used in this step, it is nec-
essary to conduct the optimization subject to move limits on design
variables.Note that the optimum objective functionvalues ( f̄ ¤

1p ), at
the end of this step,will only be equal to the aspiration levels if there
are no active constraintset switches. Moreover, the optimum design
obtained at the end of this step may not be feasible. The optimum
design x¤

1 p obtainedat the end of this step is projectedback onto the
Pareto surface by performing the corrector step explained next:

f̃i (x) = f ¤
i + r x ¤ fi (x ¡ x ¤ ), g̃ j (x) = g ¤

j + r x ¤ g j (x ¡ x¤ )

h̃k (x) = h ¤
k + r x ¤ hk(x ¡ x¤ ) (18)

Corrector Step
In this correctorstep,theParetopoint( f ¤

1 ) correspondingto theas-
pirationpoint, f̄ 1, is foundbyprojecting(or correcting) theoptimum
design x¤

1 p onto the Pareto surface.This is achievedby solvinga few
iterationsof the compromisingprogrammingproblem [Eq. (3)] cor-
responding to aspiration point f̄ 1. This corrector step is performed
by using the generalized reduced gradient (GRG) method11 due to
its ability to maintain feasibility. Note that the GRG method needs
gradient information in each iteration for the search direction cal-
culations. In order to avoid calculating the gradient information at
each iterationof the GRG methodand to increase the computational
ef� ciency, the gradient information r x ¤ ( fi , g j , hk ) available at the
current Pareto design (x ¤ ) is used for search direction calculations.
Note that, because the gradient information from the current Pareto
design is used, the analysis routines are invoked by the optimizer
only for function evaluation thus increasing the ef� ciency of the
projection method.

Since the approximate search direction is used in each iteration
of the GRG method, the Pareto data obtained by performing the
corrector step may be clustered close to the current Pareto point. In
otherwords, the Pareto data may not be well distributedin the entire
range of approximation required. In such cases, it is necessary to
obtain additional Pareto data points. These additional data points
may be obtained by performing the above corrector step with exact
gradients calculated at the beginning of each GRG iteration.

Iterative Decision-Making Strategy (IDMS)
If a given design is Pareto optimal, there is no other feasible

design that improves all of the objective functions.Therefore, if the
DM wants to improve some of the objective functions, it can only
be done at the expense of certain other objective functions. It is
generally dif� cult for the DM to know which objectives have to be
relaxed in order for an improvement in a given objective.Moreover,
in large design problems, it is often impossible for the DM to know
precisely how much to change a given aspiration level in order to
obtain a satisfactory solution.

Considering these dif� culties, this section addresses the issue
of decision making at a given Pareto design by developing an
IDMS. The decisionmaking involvesa systematicexplorationof the
Pareto surface at a given Pareto design to learn about the available
Pareto tradeoffs that exist between objective functions and to move
to a preferred design. Note that the decision-makingprocess has to
be iterative and interactive in nature because the DM may want to
modify his/her current preferences as he/she learns more about the
available designs during the course of the IDMS.
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Fig. 3 Flowchart of the IDMS.

The � owchart of the IDMS is shown in Fig. 3. At the beginning
of the IDMS, the DM speci� es qualitativepreferences,if they exist,
on objective functions. For a given objective fi , these preferences
are of the form: improve fi , sacri� ce fi , or satis� ed with current
fi . Note that the DM cannot request an improvement in all of the
objective functions at a given Pareto design as it is not possible to
improve all of the objectives.

Once the preferences are speci� ed by the DM, a set of approxi-
mate Paretopointsis generatedsuchthat they lie on the second-order
Pareto surface approximation, and satisfy the DM’s current prefer-
ences. These approximatePareto points are presented to the DM for
his/her inspection. To facilitate the tradeoff studies by the DM, the
approximateParetopointsarepresentedin thepreferencespace(i.e.,
p-space) in the form of bar charts (called the Pareto visualization
tool). This is explained in the Results section. After examining the
points presented, the DM can choose one of the following options:

1) Generate a different set of approximate Pareto points with
current preferences.

2) Modify current preferences and generate approximate Pareto
points.

3) One of the points presented is satisfactory.
If the DM chooses option 1, a new set of Pareto points that are

on the approximate Pareto surface are generated, and the iterative
process is repeated. If the DM chooses option 2, the DM is asked
to modify his/her current preferences. Once the DM modi� es the
existing preferences, a set of approximate Pareto points, based on
the new preferences, are generated and presented for inspection.
Finally, if the DM chooses option 3, the decision-making process
is terminated and the � nal point chosen by the DM is used as an
aspiration vector for the generation of a new Pareto design. The
IDMS is repeated until the DM chooses one of the points to be
satisfactory (i.e., option 3).

Interactive Physical Programming (IPP)
This section presents the � owchart of the IPP framework that is

developedas a partof this researchformultiobjectiveoptimizationin
which theDM is directlyinvolveda priorianda posterioriin decision
making. The key elements in IPP are 1) PP, 2) Pareto sensitivity
analysis, 3) Pareto surface approximation, 4) IDMS, and 5) Pareto
visualization tool.

These concepts have been described in detail earlier. The
� owchart for this procedure is given in Fig. 4. As shown in the
� owchart, the DM speci� es his/her initial preferencesin the form of
region limits de� ned in PP. The Pareto optimal design correspond-
ing to these initial preferencesis generatedby solvinga PP problem
[Eq. (3)]. At the current Pareto design, a Pareto sensitivity analy-
sis [Eq. (10)] is conducted. Pareto data in the neighborhood of the
current Pareto design are generatedby using the projectionmethod.
These design points coupled with the Pareto sensitivity information
are used to form the second-orderPareto surface approximation at
the current design [Eq. (15)]. Now the IDMS is invoked.The DM is
asked to specify preferences on which a set of approximate Pareto
points that satisfyhis/her currentpreferencesare generatedsuch that

Fig. 4 Flowchart of IPP.

they are on the second-order Pareto surface approximation. These
designs are presented to the DM for decision making in the form of
bar charts in preference space (called the Pareto visualization tool).

At this point, the DM can choose one of the following options:
generate a new set of approximatePareto points that satisfy the cur-
rent preferences, modify the current preferences,and then generate
a set of Pareto points. Once the DM chooses an option, a set of
approximate Pareto points that satisfy his/her current preferences
are generated such that they are on the second-orderPareto surface
approximation. The new set of points are presented to the DM for
inspection.This iterativedecisionmaking is continueduntil the DM
is satis� ed with one of the points presented. The point chosen by
the DM at the end of IDMS is used as an aspiration vector for the
generation of a new Pareto point. The IPP is repeated until the DM
is satis� ed. Note that the proceduredoes not have any mathematical
basis for its convergence,which is typicalof any interactivemultiob-
jective optimization procedure. All of the Pareto designs obtained
are potential candidates for the � nal selection, and are therefore
stored in a database.

Results
In this section, the IPP framework is implemented in application

to two design problems.The � rst problemconsists of a set of simple
analyticalexpressionsfor its objectiveand constraintfunctions.This
problemis chosen to illustratethe key featuresof the IPP framework.
The second problem is the design and sizing of a high-performance
and low-cost ten-bar structure that has weight, sustainable loads,
and displacement as its objective functions. The IPP framework is
implemented in Matlab 5.0.12

Test Problem 1
This problemhas threedesignvariables,threeobjectivefunctions,

and a constraint.The problem de� nition in standard form follows.

Minimize: F(x) = { f1(x), f2(x), f3(x)}

Subject to: g1(x) = 12 ¡ x2
1 ¡ x2

2 ¡ x2
3 ¸ 0

x ¸ 0 (19)
where the objective functions are given by

f1 = 25 ¡
¡
x3

1 + x2
1 (1 + x2 + x3) + x3

2 + x3
3

¢
ê 10

f2 = 35 ¡
¡
x3

1 + 2x3
2 + x2

2 (2 + x1 + x3) + x3
3

¢
ê 10

f3 = 50 ¡
¡
x3

1 + x3
2 + 3x3

3 + x2
3 (3 + x1 + x2)

¢
ê 10

From these expressions, it can be observed that the objectives
are nonlinear functions of design variables, and the constraint is a
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Table 1 DM’s initial preferences (PP region limits)

h D T U H

Criterion Class fi1 fi2 fi3 fi4 fi5

f1 1-S ¡ 1 3.0 4.25 6.0 7.5 9.0
f2 1-S ¡ 1 3.7 7.0 9.25 11.8 12.5
f3 1-S ¡ 1 6.0 12.0 15.0 18.0 20.0

Table 2 Initial and optimum designs

Vector Initial values Optimum values

x 1.0 1.0 1.0 1.916 2.262 1.792
F 9.4 14.2 19.0 5.708 8.486 12.106

g 9.0

Fig. 5 Pareto surface.

Fig. 6 Histogram of the initial and optimum design.

quadratic function of the design variables. The Pareto surface for
this problemis shown in Fig. 5. The followingare the steps involved
in application of IPP to this three-designvariable problem.

Step 1. The � rst step in IPP is to get the DM’s initial preferences
for each of the three objective functions in the form of region limits.
Because there is no real DM here, the preferences are assumed to
be as speci� ed in Table 1. Once the preferences are speci� ed, the
Pareto design that satis� es these preferences is obtained by solving
the IPP’s optimization problem [Eq. (3)]. The initial and the Pareto
design obtained are given in Table 2. The histogram of these de-
signs is shown in Fig. 6 in terms of the DM’s preferences in the
preference space (i.e., p-space). It can be seen from the results that
the IPP has successfullymanaged to move the initial design, which
is unacceptable, into a tolerable (or preferred) region of the Pareto

set by considering the Pareto tradeoffs that exist between objective
functions implicitly.

Step 2. Once the optimum design is obtained, it is assumed here
that the DM would like to explore the Pareto surface in the neigh-
borhood of the current Pareto design for design options. This step
considers the Pareto sensitivity analysis at the current design. Note
that the sensitivity analysis presented here is in the objective func-
tion space ( f -space) and not in the preference space (p-space). At
the optimum, constraint g1 is active. Based on Eq. (11), the tradeoff
matrix is obtained as

T =

2

64
1.000 ¡ 1.088 ¡ 1.629

¡ 0.204 1.000 ¡ 0.822

¡ 0.138 ¡ 0.373 1.000

3

75 (20)

where the i th row indicates the sensitivity information with respect
to objectivefunction fi along its feasibledescentdirection.From the
tradeoff matrix, it can be seen that a decrease in any objective func-
tion from its currentvalue is associatedwith a simultaneousincrease
in the other two objective functions (i.e., negative off-diagonalele-
ments). The fact that each of the off-diagonal elements is negative
indicates that the current point is Pareto optimal. The � rst-order ap-
proximation to the Pareto surface,which is determinedbased on the
tradeoff matrix T [Eq. (20)], is given by

f̃ 1
1 = 5.708 ¡ [0.432 0.369]

³
f2 ¡ 8.486

f3 ¡ 14.106

´
(21)

Note that this � rst-order Pareto surface approximation is nothing
but a tangent plane to the Pareto surface at the current design. The
next step in IPP is to construct a second-order Pareto surface ap-
proximation at the current Pareto design.

Step 3. To obtain a second-order Pareto surface approximation,
it is necessary to generate Pareto data around the current design. As
explained earlier, these Pareto data are generated by projecting the
aspirations that are on the � rst-order Pareto surface approximation
onto the actual Pareto surface. In the present case, four Pareto data
points are being used to estimate the second-order terms.

To generate these Pareto data around the current Pareto design,
the aspirationpoints are chosen such that the values of f̄2 and f̄3 are
at the corners of a 20% perturbed hypersquare around the current
Pareto design. The value of f̄1 for these four aspiration points is
chosen such that they lie on the � rst-order Pareto surface approx-
imation [Eq. (21)]. The four aspirations points that are chosen are
given in Table 3. The Pareto data corresponding to these aspiration
pointsare obtainedby using the projectionmethoddescribedearlier.
The projectionmethod requiredan average of � ve function calls for
each Pareto data point. Note that the gradient information available
at the current Pareto point ( f ¤ ) has been used during the projection
method. The approximatePareto data obtainedcorrespondingto the
four aspiration points are also given in Table 3. The second-order
Pareto surface approximationof f1 in terms of f2 and f3, at the cur-
rent Pareto design, is determinedbased on the Pareto data (Table 3),
and is given by

f̃ 2
1 = 5.708 ¡ [0.432 0.369]

"
f2 ¡ f ¤

2

f3 ¡ f ¤
3

#

¡
1

2

"
f2 ¡ f ¤

2

f3 ¡ f ¤
3

#T ³¡ 0.095 ¡ 0.007

¡ 0.007 ¡ 0.041

´"
f2 ¡ f ¤

2

f3 ¡ f ¤
3

#
(22)

To compare the accuracy of Pareto surface approximations, the
error between the actual f1 and the f1 valuespredictedby � rst-order
and second-order Pareto surface approximations are compared at
variousvalues of f2 and f3 within 25% of the current Pareto design.

Table 3 Aspiration points and Pareto data

Aspirations, f̄ i Pareto data, f ¤
i

1 2 3 1 2 3

7.483 6.788 11.285 6.956 7.437 11.496
5.400 6.788 16.927 5.413 6.916 16.218
6.016 10.183 11.285 3.994 10.095 16.130
3.933 10.183 16.927 4.708 8.689 16.259
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Fig. 7 Prediction errors in f1 .

The resultsare shown in Fig. 7. From theerrorplot, it canbe seen that
the performance of the second-order Pareto surface (error ·1.0%)
is superior when compared to that of the � rst-order Pareto surface
(error ·7.0%).

Step 4. This is the most important step of IPP where the DM
interacts and explores the Pareto surface in the neighborhoodof the
current Pareto design using the IDMS. Note that the exploration
is subject to move limits on objective functions as it is based on
Pareto surface approximation. These move limits are determined
based on the Pareto data (given in Table 3) that are used to construct
the second-orderPareto surface approximation.For example, at the
current Pareto design, the exploration move limits are 25% as the
Pareto data are within 25% of the current Pareto design. Note that
it is possible to have different move limits for different objectives
depending on the Pareto data.

The Pareto data generated during this step are presented to the
DM in preference function space (i.e., p space) in the form of bar
charts (i.e., Fig. 6). This is called the Pareto visualizationtool. This
way of presenting Pareto designs to the DM clearly offers a better
understanding of the tradeoff information. A quick glance at the
plot clearly conveys to the DM the state of various Pareto designs.
More importantly, it removes the need for the designer to directly
deal with numbers, which could be dif� cult in the case of large
multiobjective optimization problems.

Once the DM speci� es his/her preferenceson objectivefunctions,
the goal of this step is to ef� ciently generate Pareto designs that
satisfy his/her preferencesbased on the second-orderPareto surface
approximation [Eq. (22)]. Consider the following two scenarios of
decision making. After inspecting the approximate Pareto designs
presented in the Pareto visualizationtool, let us assume that the DM
wants to examine the following two scenarios:

Scenario 1. Improve f1 and willing to sacri� ce f2 up to f23.
Scenario 2. Willing to sacri� ce f1 up to f13, f2 up to f23 , and

improve f3 .
Scenario 1. In this scenario, the DM has not speci� ed his/her

qualitativepreferenceson f3 at this moment. The DM would like to
inspect a set of Pareto designs or Pareto points that satisfy the cur-
rent preferences prior to making decisions regarding f3 . Note that
there are an in� nite numberof Pareto designs that satisfy the current
preferences,and it would be overwhelmingfor the DM to inspectall
of these designs. Keeping this in mind, only a set of Pareto designs
that are of interest are presented to the DM. The set of four Pareto
designs, given in Table 4, that satisfy the DM’s current preferences
are generated such that they are on the second-orderPareto surface
approximation [Eq. (22)]. These four designs are presented to the
DM in the Pareto visualization tool shown in Fig. 8 for ease of vi-
sualization and inspection. After inspecting the Pareto designs, the
DM can accept one of these designs as a satisfactory design or ask
for a different set of designs, or modify the current preferences and
then ask for a set of Pareto designs. This process of generating and
presenting a set of Pareto designs is repeated until convergence.

Scenario 2. In this scenario, the DM has speci� ed his/her quali-
tative preferenceson all of the objective functions.Here again, a set
of four Pareto designs,given in Table 5 and shown in Fig. 9, that sat-

Table 4 Preferred Pareto designs
generated by the IDMS (scenario 1)

f1 f2 f3

3.996 8.974 17.477
4.999 9.250 15.000
4.250 9.156 16.780
5.708 9.250 13.090

Table 5 Preferred Pareto designs
generated by the IDMS (scenario 2)

f1 f2 f3

6.000 9.250 12.159
5.975 9.091 12.500
6.000 8.480 13.284
5.708 9.250 13.092

Fig. 8 Pareto visualization tool for tradeoff studies (scenario 1).

Fig. 9 Pareto visualization tool for tradeoff studies (scenario 2).

isfy the DM’s currentpreferencesand lie on the second-orderPareto
surface approximation are presented to the DM for inspection.

Once the DM chooses one of the Pareto designs presented to
him/her as a potential candidate design (i.e., aspirations vector),
the IDMS is terminated and a Pareto design corresponding to the
aspirations vector is obtained by solving the CP problem [Eq. (3)]
in preference function space. To illustrate this point, assume that
after inspecting the Pareto designs presented, the DM has chosen
the following design from Table 5: f̄ 2 =[5.975 9.091 12.500]
as a candidate (i.e., aspirations vector) for the generation of a new
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Fig. 10 High-performance, low-cost structure.

Pareto design. The new Pareto design obtained by solving a CP
problem corresponding to f̄2 is as follows:

x ¤
2 = [1.750 2.090 2.137], f ¤

2 = [5.973 9.088 12.496]

The Pareto design f ¤
2 is close to the aspirationsvector f̄ 2 indicat-

ing that the second-orderPareto surface approximation is accurate.
From these two scenarios, it is clear that the IDMS has been able
to capture the DM’s local preferences effectively, and the Pareto
surface approximation can be used to generate Pareto designs ef� -
ciently.The Pareto designspredictedby the approximations,around
the current Pareto point, are attainable (i.e., they are accurate and
are approximately on the Pareto surface). This means that the new
Pareto point obtained corresponding to these aspirations is close to
the aspirations. This is important for the rapid convergence of the
decision-making process and for the con� dence of the DM in an
interactive procedure like the IPP.

Test Problem 2
The application of IPP to a structural design and sizing problem

is presented.The problem is the design of a high-performancelow-
cost structure shown in Fig. 10. This problem was � rst introduced
by Wujek et al.13 It has been modi� ed by Tappeta and Renaud7 to � t
the multiobjective optimization framework. The modi� ed problem
includes the following objective functions: minimize the structural
weight Wtot, maximize the loads P1– 4 the structure is capable of
sustaining and minimizing the displacement of the structure (d ).
The goal of the optimization is to � nd the size and shape of a ten-
bar truss that achieves a compromise among the above-mentioned
three objective functions while satisfying the design constraints on
minimum payload and load requirements as well as yield stress and
� rst natural frequencyconstraints.The designvector in this problem
is composedof the lengthof the rectangular� rst bay (L1) and the top
and bottom lengths of the outerbay (L2, L3), the masses (payload)
placed on all the unconstrained nodes (M1– 4), and the areas of the
truss members (A1–10). The multiobjective optimization problem
statement in standard form is as follows.

Minimize: F(x) =
»

w1Wtot,
w2P

Pi
, w3d

¼

Subject to: g1 = 1 ¡
(Mtot)minP

Mi
¸ 0

g2 = 1 ¡
( Ptot)minP

Pi
¸ 0

g3 = 1 ¡
x 1,min

x 1
¸ 0

g4–13 = 1 ¡
j ( r 1–10) j

r y
¸ 0

x l · x · xu (23)

where (Mtot)min =5000 lb, (Ptot)min =10,000 lb, x 1,min =2.0 Hz,
and r yield =14,000psi.The constants(w i s) are chosenappropriately

Table 6 DM’s initial preferences (PP region limits)

h D T U H

Criterion Class fi1 fi2 fi3 fi4 fi5

f1 1-S ¡ 1 3.0 5.5 6.75 10.0 13.0
f2 1-S ¡ 1 7.0 7.75 8.0 9.0 10.0
f3 1-S ¡ 1 3.0 5.0 6.0 9.5 12.4

Fig. 11 Histogram of the initial and optimum design.

so that the objective functions are well scaled. The loads (P1–4 )
applied to the structure are de� ned to be a function of the lengths
of the bays (L1–3 ) and the payload masses (M1– 4) placed on the
structure. The displacement d is taken as the maximum absolute
displacementof the top right nodeof the outerbay.The followingare
the steps involved in application of the IPP to this HPLC structural
design problem.

Step 1. The DM’s initial preferences are assumed to be as spec-
i� ed in Table 6. The Pareto design that satis� es these preliminary
preferences is obtained by solving the IPP’s optimization problem
[given in Eq. (3)] and is givenby: f ¤ =[6.356 7.298 5.314]. The
histogramof the initial and optimum designs is shown in Fig. 11 in
terms of the DM’s preferences. It can be seen from the results that
the IPP has successfullymanaged to move the initial design, which
is highly undesirable in some objectives, into a preferred region of
the Pareto set by considering the Pareto tradeoffs that exist between
objective functions implicitly.

At the optimum all the bay lengths (L1–3), the � rst and second
payloads (M1 , M2 ) and two of the cross-sectional areas (A5, A10 )
are at their lower bounds. The frequency constraint (g3 ) is the only
design constraint that is active at the optimum.

Step 2. To obtain the � rst-order approximation to the Pareto sur-
face at the current Pareto point, Pareto sensitivity analysis is con-
ducted. The � rst-order approximation to the Pareto surface, which
is determined based on the tradeoff matrix T [Eq. (11)], is given by

f̃ 1
1 = 6.356 ¡ [0.686 0.988]

³
f2 ¡ f ¤

2

f3 ¡ f ¤
3

´
(24)

Step 3. This step considers the generation of Pareto data and
building of the second-order Pareto surface approximation at the
current Pareto design. Note that the Pareto surface is highly nonlin-
ear, and it is generally dif� cult to get a second-orderPareto surface
approximation that is accurate in the entire neighborhoodof a given
Pareto design. As a result, if the DM has any preferred region of
the Pareto surface in which he/she would like to conduct design (or
Pareto surface) exploration studies, a more accurate Pareto surface
approximation in this preferred region can be obtained by gener-
ating the entire Pareto data in that region. However, note that the
DM cannot change these preferences during the IDMS (invoked in
step 4) and explorea regionof theParetosurface that is nonpreferred
because the second-orderPareto surface approximation may not be
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Table 7 Aspiration points and Pareto data

Aspirations, f̄i Pareto data, f ¤
i

1 2 3 1 2 3

4.131 7.683 7.173 4.552 8.468 7.906
6.356 9.139 3.454 6.721 10.000 3.779
4.131 9.853 3.454 5.737 10.000 4.795
4.131 9.523 5.313 4.720 10.000 6.068

Table 8 Preferred Pareto designs
generated by the IDMS

f1 f2 f3

4.449 8.052 6.389
5.239 7.750 6.000
6.356 8.250 4.526
6.000 8.500 4.699

accurate in these nonpreferredregions of the Pareto surface. This is
due to the fact that the Pareto data for constructingthe second-order
Pareto surface approximation is generated only in the preferred re-
gion of the Pareto surface. Thus, the DM has to be certain of his
preferences at this step of IPP as he/she will not be able to change
these preferences during the IDMS.

To make this point clear, consider the following scenario. After
inspecting the current Pareto design (Fig. 11), assume that the DM
is interested in the Pareto region in which the objective function
f1 is improved from f ¤

1 and he/she is willing to sacri� ce f2. This
means that the DM is not interested in Pareto regions where f1 is
sacri� ced to improve f2 from f ¤

2 . As a result, the preferred Pareto
region is given by: f1 · f ¤

1 and f2 ¸ f ¤
2 .

To generatethe Pareto data in the preferred region, four aspiration
points are chosen such that the values of f̄2 and f̄3 are perturbed by
35% from the current Pareto design and are on the � rst-orderPareto
surface approximation [Eq. (24)]. The four aspirations points that
are chosen are given in Table 7. The Pareto data corresponding to
these aspiration points are obtained by using the projectionmethod
described earlier. The projection method required an average of 12
function calls for each Pareto data point. Note that the gradient
information available at the current Pareto point ( f ¤ ) has been used
during the projectionmethod.The approximateParetodata obtained
correspondingto the four aspirationpoints are also given in Table 7.
Note that the Pareto data generatedare in the preferred region of the
Pareto surface. The second-order Pareto surface approximation of
f1 in terms of f2 and f3, at the current Pareto design, is determined
based on the Pareto data (Table 7) and is given by

f̃ 2
1 = 6.356 ¡ [0.686 0.988]

"
f2 ¡ f ¤

2

f3 ¡ f ¤
3

#

¡
1

2

"
f2 ¡ f ¤

2

f3 ¡ f ¤
3

#T ³¡ 0.199 ¡ 0.092

¡ 0.092 ¡ 0.337

´"
f2 ¡ f ¤

2

f3 ¡ f ¤
3

#
(25)

To compare the accuracy of the Pareto surface approximations,
the error in the f1 predictionsby � rst-orderand second-orderPareto
surface approximationsare compared at variousvalues of f2 and f3

within 30% of the current Pareto design. The results are shown in
Fig. 12. From the error plot, it can be seen that the performance
of the second-orderPareto surface (error ·5.0%) is superior when
compared to that of the � rst-order Pareto surface (error ·25.0%).

Step 4. The IDMS is invoked for interactive decision making.
This step is similar to the one detailed for the previous test problem.
Here, the DM is presented with a set of preferred Pareto designs
that are on the second-orderPareto surface approximation.The DM
makes decisions after inspecting the designs presented. The details
of this step are presented below.

Note that the DM has already speci� ed his/her qualitativeprefer-
ences on objectives f1 and f2 (in step 2). The preferenceson f3 may
bemadeduringthe IDMS. The set of fourPareto designsgiven in Ta-
ble 8 that satisfythe DM’s preliminarypreferences(speci� ed in Step
2)aregeneratedsuch that theyareon the second-orderParetosurface

Fig. 12 Prediction errors in f1 .

Fig. 13 Pareto visualization tool for tradeoff studies.

approximation [Eq. (25)]. These four designs are presented to the
DM in theParetovisualizationtool (shown in Fig. 13) for inspection.

After inspecting these Pareto designs, the DM can accept one of
these designs as a satisfactory design or ask for a different set of
Pareto designs or specify his preferences on objective function f3

and then ask for a set of preferred Pareto designs. This process of
decision making and the generation of Pareto designs is repeated
until the DM is satis� ed with one of the designs presented.

Conclusions
In this research, the PP framework has been extended to develop

an IPP framework that facilitates the designer’s involvement as a
decision maker in the design of multiobjective systems. The IPP
providestheDM with a formalmeans foref� cientdesignexploration
around a given Pareto point. More speci� cally, the method provides
the DM with Pareto sensitivity information, a second-order Pareto
surface representation,an iterative decision-makingstrategy, and a
Pareto visualization tool for tradeoff analysis and decision making.

In this study, the DM’s initial preferences are captured using the
PP lexicon. A second-orderresponsesurface approximation is used
to represent the preferred region of the Pareto surface. An itera-
tive decision-makingstrategy has been developed in which the DM
learns about the existing Pareto designs and iteratively modi� es
his/her preferences until satis� ed. To facilitate the study of trade-
offs by the DM, a Pareto visualization tool that is based on the PP
lexicon is also developed.

The IPP has been successfully applied to two test problems. The
results indicate that the IPP framework is effective in capturing the
localpreferencesof the DM. The Paretodesignsthatre� ect theDM’s
preferences can be ef� ciently generated using the IPP framework.
The Pareto visualization tool allows the DM to study the existing
tradeoffs between objective functions effectively. The results also
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indicate that the second-order Pareto surface approximation is ac-
curate. This is important for the con� dence of the DM when using
an interactive framework such as IPP for obtaining a satisfactory
� nal Pareto design in a minimal number of iterations.
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